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ABSTRACT 

This  paper  concerns  an  existence  proof  of  solutions 
of  the  partial  differential  equation 

"tt  "  ^yy   "^  eP(x,t,u)  =  0  , 

where  P  is  2Tr  periodic  in  t,  under  the  boundary  and 

periodicity  conditions  u(0,t)  =  niiTst)   =  0  , 

uCx^t+Sir)  =  u(x,t).   The  main  assumption  is  ciP/'Su  _>  p  >  0 

and  e  is  sufficiently  small.   The  main  difficulty  is 

solving  an  associated  infinite  dimensional  bifurcation 

equation. 

It  is  also  shown  hov;  to  find  a  solution  by  an 
expansion  method  if  P  is  real  analytic  in  u  and  a 
convergence  proof  for  the  formal  series  constructed 
is  supplied  . 


§1.   Introduction. 

We  consider  the  partial  differential  equation 

u^^  -  u,_  +  eP(x,t,u)  =  0 

where  F  is  2ir   periodic  in  t.  We  seek  a  solution  satisfying 
the  periodicity  and  boundary  conditions  u(x,t+27r)  =  u{x,t) 
and  u(0,t)  =  u(-7r,t)  =  0.  Our  main  result  is  a  proof  of  the 
existence  of  such  a  solution  provided  P  depends  monotonically 
on  u  (or  more  precisely  SP/Su  >  ^  >  0)   and  e  is  sufficiently 
small . 

For  6=0,  our  equation  reduces  to  u, ,  -  u   s  QO  =  0. 

tt      XX 

All  solutions  of  this  equation  which  satisfy  tl;e  boundary 

conditions  are  2ir   periodic.  However,  for  e  /  0  v;e  expect 

only  one  solution  to  the  partial  differential  equation. 

The  main  difficulty  in  the  problem  is  to  find  one  such 

smooth  solution  of  Qu  =  0  from  which  the  solutions  to  the 

perturbed  problem  bifurcate.   It  turns  out  we  can  describe 

this  particular  solution  of  Uu  =  0  by  a  variational  problem, 

n  2Tr  nir 
namely  minimize  /   /  K(x,t,u)  dxdt  where  H  =  P  and  we 

Uu  =  0-'0-'0  ^ 

only  admit  solutions  of  Qu  =  0  which  satisfy  the  boundary 

conditions . 

In  §2  we  formulate  and  solve  the  bifurcation  problem  by 

a  variational  argument.   It  is  here  that  the  monotonicity  of 

F  is  crucial.   In  §3  we  solve  a  related  linear  problem.  The 

nonlinear  equation  is  solved  in  §4  by  an  iteration  scheme. 
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If  F  is  assumed  to  be  analytic  in  u,  an  expansion  method 
can  be  devised  in  a  natural  manner  to  solve  the  nartial 
differential  equation.  This  is  done  in  §5.  Tl^.e  convergence  of 
the  formal  series  obtained  is  proved  in  §6  by  a  majorant  method. 
In  the  Appendix  some  inequalities  which  are  used  are  proved. 

The  question  of  finding  periodic  solutions  for  nonlinear 
partial  differential  equations  arises  in  a  natural  manner  as 
an  extension  of  the  analogous  problem  for  ordinary  differential 
equations.  Stoker  [1]  suggested  a  nonlinear  wave  equation 
problem  as  a  generalization  of  the  ordinary  differential 
equations  theory  of  Poincare  for  finding  a  periodic  solution 
of  a  system  of  ordinary  differential  equations  in  the  neighbor- 
hood of  a  toown  periodic  solution.  Picken  and  Fleishman  [2] 
studied  a  dissipative  wave  equation  by  converting  it  to  a 
nonlinear  integral  equation.  Vejvoda  [3]  investigated  a 
non-dissipative  vjave  equation  with  the  aid  of  special  methods 
to  solve  the  associated  bifurcation  equation.  Prodi  [4], 
Cesari  [5],  and  others  have  also  studied  such  equations. 

This  paper  represents  part  of  the  author's  doctoral 
dissertation.  The  results  presented  here  are  an  interesting 
offshoot  of  the  main  line  of  research  which  concerned  periodic 
solutions  of  nonlinear  dissipative  hjTJerbolic  partial  differ- 
ential equations .  A  forthcoming  paper  will  present  these 
results  in  addition  to  extensions  of  the  results  of  this 
paper.  The  latter  include  investigations  of  nonlinearities 
which  depend  on  derivatives,  free  vibrations,  and  stability. 


^Stevjart  [9]  announced  a  proof  of  the  existence  of  a  solution  to 
a  non  dissipative  wave  equation,  but  as  he  informed  the  author, 
it  was  never  published. 
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The  author  would  like  to    express  his  gratitude 
to  Professor  Jurgen  Moser- for  his  encouragement  and  advice. 

We  conclude  the  Introduction  with  some  notation. 

Let  C°°  denote  the  space  of  continuous  infinitely  differentiable 

real  valued  functions  in  x  and  t,   and  2Tr  periodic  in  t, 

0  <  X  <  V.     Let  Cq  be  the  subspace  of  c""  consisting  of 

functions  vjith  support  contained  in  (0,7r)  with  respect  to  x. 

Let  H^  be  the  completion  of  C°°  with  respect  to  |(t)U  s  \^\   = 
2ir   °  ^ 


/   /   IH-.t)!   dx  dt.  Let  K.  be  the  completion  of  C  with 

00      o       r^TT  r'^  ^J-  a    2 

respect  to  |(i)|^  =  /    /   >   I'D  ^\      dx  dt  where  a  =   {o^^ar^), 
J  Jq    Jq    \oTZo 


\a\   =  a^+  a^,   0^=0"^  ")/Ox  ^ht  '^)  .     Let  H^.  be  the 
completion  of  Cq  with  respect  to  |  | ..  All  of  the  above 
subscripted  H  spaces  are  Hllbert  spaces  with  the  natural 
inner  product.  We  will  denote  the  Hq  inner  product  by  (  ,  ) 
and  the  H,  inner  product  by  (  ,  ).  .  Let  C.  be  the  space  of 
j  times  continuously  differentiable  functions  in  ;:  and  t, 
and  2iT   periodic  in  t,  0  <  x  <  tt.  We  use  \\^\\  .   to  denote  the 
norm  in  C.  \\^\\  .   =  Xl  I|D^<1>1!  where  \\k>\\   =   sup  |(|)(x,t)|. 

-J  J         \0\^0  X;t 


-  "^  - 
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§2.   Formulation  and  solution  of  the  bifurcation  equation. 

Let  (|)(r,t)  €  Cg  and  ^^^-   (})^^  =  0.   Then  (|)(:c,t)  =  p(x+t)  + 
q(-x+t).   If  <j)  also  satisfies  our  boundary  conditions, 
(j)(x,t)  =  p(:c+t)  -  p(-x+t)  vJhere  p  is  27r  periodic  for  (}>(0,t)=  0 
implies  p(t)  =  -  q(t)  and  ^{ir,t)   =  0  implies  p(7r+t)  =  p(-ir+t)  . 
Thus  (f)  automatically  satisfies  the  periodicity  condition. 

Let  N  denote  the  closure  in  Hq  of  the  set  of  such  (J). 

N  =   {(t>(x,t)    €  Hp,   ^{x,t)   =  p(x+t)-p(-x+t),    p      2jr  periodic   in  t, 
2Tr  ^ 


/   p  (a)  da  <  +  00 }. 
J  n 


and 

'o 

Using  Fourier  series,  we  can  also  characterize 

OP  .  ., 

N  as  N  -   {Mxjt)   €  Hq     <|)(x,t)   =  XZ  a.  sin  jx  e^-^^  with 
00  p  -co      "^ 

y  la.r  <  +  oo}. 

-OO     "^ 

We  try  for  a  solution  of  our  nonlinear  partial  differen- 
tial equation  of  the  form  u(x,t;s)  =  v{x,t;e)  +  e\i{:z,t;e) 
where  v  e  M  and  w  e  N  :,  the  orthogonal  complement  of  N. 


For  £  =  0,    u  =  v^   £  N.      Let  (f)  €  N  A  C^.      /        /        <t5(u.  <.-u^^)   dx  dt 

p2TrPT  ^  n2Tr  pTT     ^0     ^0  tt      XX 

=  J       j      u((})^^-(t)^^)    dx  dt  =  0  =  J       J      (t)(-£P(x,t,u))    dx  dt 

where  we  integrated  by  parts  and  used  our  boundary  and 

periodicity  conditions.  Since  Cg  A  N  is  dense  in  N, 

r  2Tr  p  IT 
F(x,t,u)   J-  N,    i.e.    /        /     F(x,t,u)c})  dx  dt  =  0  for  all  (|)  e  N. 

Letting  e   ->  0,   we  get 

F(x,t,VQ)    -L  N   ,  Vq   e  N    . 

This  is  our  bifurcation  equation.   We  must  use  this 
equation  to  find  v-..  Actually  we  will  solve  a  more  general 
bifurcation  problem.  Assume  w  e  H.  ,  is  known,  lie  will 
find  V  €  H,  such  that  F(::jt,v+w)  ±  N,   We  will  need  to 
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solve  such  a  generalized  bifurcation  problem  In  §^1.  The 
solution  of  the  bifurcation  equation  will  be  by  a  variational 
argument  using  a  priori  estimates  and  compactness.  Before 
giving  the  proof  we  need  some  observations. 

Remark  1:   (t>  €  N  implies  ^   =  p(x+t)  -  p(-x+t)  =  p  -  P  . 
p  is  not  uniquely  determined  since  (p  +c)-(p''+c)  =  <t)  for 
any  constant  c .  We  can  normalize  p  by  requiring 
[p  ]  =  /   /   p(x+t)  dx  dt  =  0  (=  [p  ]  since  [<{)]=  0  for 
it  has  no  constant  term  in  its  Fourier  expansion). 

Remark  2:   If  f(x+t),  g(-x+t)  €  E^,  and  if  [ f ]  =  0  or  [g]  =  0, 
then  (f,g)  =  0. 

rZ  ^,   e^J^^+^^  g(-x+t)  =21 
-co   ^  -00 


Proof:   f(::+t)  =  fz   f,  e^Jt'^^',  g(-x«)  =  tl   E^  o^"-'"''^*' 

-00    ^  -00 


0   0 
IT  2Tr 


J  -^     \r  J  J    k 


0    J^'^  0 

IT 

r 


=  j  Stt  2Z  f  J  Sj  e^*^^'"'  dx  =  2Tr^  f^  Sq 
0     ^ 


=  2  [f]  [g]  =  2[f]  [g]  . 

Thus  [f]  =  0  or  [g]  =  0  implies  (f,g)  =  0, 

Remark  3:      (j)  =  p"*"  -  p'  e  N  and  [p"*"]  =  0  implies  p  J-  p" 
This  follovjs  from  Remark  2. 

We  can  now  begin  our  solution  of  the  bifurcation 
equation. 

-  5  - 


Theorem  1:   If  F(x,t,u)  €  C  In  Its  arguments,  F^  >  p  >  0, 
and  w  Is  given  and  smooth,  there  exists  a  unique  v  e  N  ^  K, 
such  that 


2ir  IT 


i    I  F(:c,t,v+w)<|)  dx  dt  =  0  for  all  <})  e  N 


0  0 
Moreover 


§  sup  lv(x,t)|  <  sup  |F(x,t,w(x,t)) 
x,t  x,t 


and 

p|vL  <  const.  (|F^(x,t,v+w)  j  +  |P^(x, t, v+vj)x7^!  )  . 

We  will  not  prove  Theorem  1  directly  but  will  replace 
it  by  an  approximate  problem  which  we  will  solve.  We  will 
show  the  solution  to  the  approximate  problem  Vj.  depending  on 
the  parameter  K  satisfies  Theorem  1  if  K  is  large  enough. 


Let  K(x,t,u)  be  such  that  H^  =  F.   Let  IIj^  =  { (j)  e  N 
|({)L  _<  K}.  Nj.  is  a  compact  subset  of  Hq  for  the  elements 
of  Nj^  are  uniformly  bounded  and  uniformly  Holder  continuous 
of  order  1/2. 

(To  see  this,  note  first  that  if  (j)  e  M,  we  can  assume 
via  Remark  J   that  \^\^  =    Ip"^!^  +  1p"I^. 
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|(|)(x^,t^)-<i)(x2,t2)I  <  |p(x^+t^)-p(x2+t2)  I  +  \p{"-^+t^)'p{'X^+t^) 


'       p^'(a)  da|  +  1  y'   p"'(a)  dal 

Xp+T3p  ~Xr)'rX>r;^ 


<   const.  (Kx^+t^^)  -  {x^+t^)\'^^^   +  |-x^+t^+X2-t2i-'-/^)l<t>l]_ 


and 

|(t)(x,t)l  =  I  H  aj  sin  jx  e^"^^! 


_<  const.  |<t>|-,0 


Theorem  2:   There  exists  Vr^  e  Nj^  minimizing 

2Tr  TT 

/  /  H(x,t,v+w)  dx  dt  for  (j)  e  Nj^  . 
0  0 

Moreover 

§  sup  lv,<.(x,t)i  <  sup  |F(x,t,w(x,t))  I 
and 

P'^k'i-  const.(  lP.^{x,t,Vj^+w)  I  +  lP^(x,t,Vj^+v;)w^I)  . 

Proof.  The  proof  consists  of  several  steps: 

(A)  We  shovr  there  exists  Vj^  satisfying  the  minimum  problem. 

(B)  We  introduce  a  notion  of  admissible  variations  for  the 
minlmiMi  problem  and  derive  an"Euler  equation." 

(C)  We  derive  a  criterion  for  a  variation  to  be  admissible 

(D)  We  select  two  variations,  show  they  are  admissible,  and 
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(g^+r 


use  them  in  our  "Euler  equation"  to  get  the  inequalities  given 
In  the  statement  of  Theorem  2.  This  is  really  the  heart  of 
the  proof. 

Proof  of  A:   We  can  assume  w  =  0  for  if  not  v;e  can  replace  P 
by  F(x,t,v)  =  F(x,t,v+w)  in  the  argument  that  f ollov;s . 

Let  5(a)  =  /   /   H(x,t,(|>)  dx  dt.   It  is  easily  seen 
5  is  continuous  on  Nj^  iii  the  Hq  topology.  Since  Nt^  is  a 
compact  set  in  Hq,  ^  ^^^  a  minimum  on  N  which  is  assi^med  by 
some  Vrr   €  ^^'yr-     We  seek  to  shovj  for  K  sufficiently  large  Vj, 
is  an  interior  minimum. 

B:   Let  (t>  be  chosen  so  that  v^-  +©<!)  e  N,,  for  every  scalar  0  <  0 
sufficiently  close  to  0.   (The  set  of  such  ^^s   belong  to  a 
cone.)  Such  a  ^   will  be  termed  an  admissible  variation  for 
our  minimization  problem.  Since  v  minimizes  J* 


2ir  v 

If 


0  0 
Thus  by  the  mean  value  theorem, 

27r    TT 


{H(x,t,v    )    -  K(x,t,v  +Q(j)))    dx  dt   <  0    . 
K  K 


0   >    /    rP(x,t,v,^+9c(x,t)(|>)(-9(t))    dx  dt 
0  0 

where    |p(:'-,t)|    <  1.      Dividing  by  -©  and  letting  0  ->  0, 
0p<j)  ->  0  uniformly  and  vje  obtain 

2Tr  TT 

r  rp(x,t,Vj,)(t)  dx  dt  <  0 
0  0 
for  all  admissible  variations  ^.     This  is  the  "Euler  equation" 

for  our  problem.  o 

-  o   "* 


t'^ 


C:   (})  Is  an  admissible  variation  if  \vy.+  0(j)|^  <  K  , 
2Tr  IT 
|v,^+  0<{)i^  =y'y^[(v^+  ©()))2+  (Vj^+  ©(t>)^+  (Vp.+  ©(1))^]  dx  dt 
0  0 


A  sufficient  condition  for  this  to  occur  is 


29{v^,^)^  +  9^\^\l<   0 


Since  9  <  0,  we  can  achieve  this  for  all  sufficiently  small  9 
if  (vt^, ({)),  >  0  for  the  linear  term  in  9  dominates  if  9  is 
small  enough. 

D:      To  obtain  the  pointv;ise  estimate  of  Theorem  2,   we  shov; 
a  certain  nonlinear  function  of  Vt^  is  admissible  and  then 
use  it  in  the  Euler  equation. 
Let 

q(A)  =  0  ,    iA|  <  M 

=  A-M,    ?v  >  M 

=  -A+M,    A  <  -M 

Vj^(x,t)  =  Vj^^  -  v^  . 

By  construction  q(v  )-q(v")  e  N.  We  claim  this  is 

K     K 

an  admissible  variation.  All  we  need  show  is  (v^.,  q(vj^)-q(vj^))^>0 

Vie   take  M  =  1/2  sup  |  Vj^(x,  t)  |  =  -p  sup  |  vj^(x,  t)  i  . 

X ,  t  x/c 

If  M  =  0,  Vt^  =  0  and  the  estimates  are  trivially  satisfied. 

Thus  we  can  assume  M  >  0. 

-  Q  - 


27r       TT 


(vj  -   V-    ,    q(v;^)-q(v-))^  =f   /[(v+-v;)(q(v+)-q(v-)) 


0      0 


^<4t-\t"^'<^K'4-^''\'\t'i  ■''=^*  • 


By  Remark  1,   we  can  assume   [v   ]   =   [v~]   =  0, 

K       K 


(v^  -  v')(q(vj)  -  qCvj^))  =  ^k'''\'  *  ^k"''\' 


-  (v^q(v-)  +v-q(v+)) 


since  [v-t"]  =  [v~]  =  0,  the  last  two  terms  vanish  on  Integra- 

tion.  Since  q  is  a  monotonia  odd  function  of  its  argument 

±   + 

v.^q(v~)  >  0  at  some  point  since  M  >  0.  Then 


2ir  TT 


(vj^q(vjj)    +  v^'q(vj^))    dx  dt  >  0    . 


0  0 
The  second  term  is 

+  X..+ 


(v+     -  v"    )(q'(v    )v'*'     -   q'(v')v"    )    = 


The  first  two  terms  here  are  pointwise  >  0  since  q*  >  0 

Since  [vJt  ]  =  [v~  ]  =  0,  the  second  two  terms  vanish  on 
Kx       Kx 

integration  by  Remark  2.  A  similar  observation  can  be  made 
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about  the  e;cpression  Involving  the  t  derivatives. 

Thus  (vj  -  v^^,  q(v^.)  -  q{v]^))^  >  0  and  (q(v^)-q(vJJ.) )  Is 
an  admissible  variation. 

By  our  Euler  equation: 

J  y  P(x,t,v^+v.O(q(v^) -q(vj^))  dx  dt  <  0  . 
0  0 
By  the  mean  value  theorem. 


P(x,t,v  )    =  F(x,t,o)   +  F  (intermediate  point)v  . 
ii.  U  K 


Thus 

2Tr 


[  /  P,,(  int.pt.  )(vj-v:.)(q(vi)-q(v")) 

0  0 

2ir  T 

-  J  jF{x,t,0){q.{vp   -  q(vj:))  dx  dt 


< 

0  0 


2ir  IT 


<   sup  lF(x,t,  0)\  J  J   (  Iq(v^)  i  +  |q(v^)  1 )  dx  dt  . 

On  the  other  hand,  since  q  is  monotonic,  (v  -v  ) (q(v^)-q(v  ) )>  0, 

K   A     '^~  is.     — 

Thus  using  the  monotonicity  of  P, 

2ir  IT 

JjF^imt.   pt.)(vj:-v~)(ci(vj)-q(vj^))    dx  dt  > 

0  0 

2w  V 

>  ^Jj    (v^-  v'){q(v,"J)    -  q{vj^))    dx  dt 

0  0 
2Tr  TT 

=  p    /  f  (vj  q(vj)    +  v.;  q(v"))    dx  dt 

J   J         is.  h.  A  iv 

0   0 
2Tr  TT 

>  mfj  (lq(vj)l    +   |q(v^)|)    dx  dt        . 

0   0 

since  Aq(A)    >  M|q(A) | . 
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Dividing  both  sides  of  the  inequality  by  the  integral, 
,SM  =  "I  sup  I  v~!  <  sup  !F(x,t,  0)  I 

Since  |sup|v  ]      <       2     sup  |v  |,  we  get  the  first 
K    —  K 

inequality  of  Theorem  2  (v;lth  w  =  0).   Thus  \ie   have  a  point- 


w 


Ise  estimate  for  v^-  independent  of  K. 

Let  ^''"(x,t)  =  -i(C(x,t+h)-/:(x,t))  .   VJe  claim  ({>  =  -  i^r^)'^' 
is  an  admissible  variation.   It  suffices  to  show  (vpr,-(vr,.)~  )n>0 
But  (v,,,, -(v")"  )-  =  |v'|£  >  0.   Now  by  our  Euler  equation, 

2fr  ir 
j^jrp(x,t,v^)(-Vj^)"^  dx  dt   <  0 

0  '0 

2ir  IT 

1  MP{x,t,v.,J)-vJj  dx  dt  <  0 

J.I  ii  is.  — 

0   0 

(P(x,t,Vj^))^  =  P^dnt.pt.)    +  P^^(int.pt.)(v.^)^' 


or 


by  the  mean  value  theorem.   Our  inequality  becomes: 

2ir  V  2ir     TT 

[f   flnt.Dt.  Wvr:)-   dx  dt   <  -    /      T  TP.dnt  .Dt . )  v^/ 


P„(int.pt.)(v;.)-  dx  dt  <  -    /      /    [P.  (int.pt .  )v^]dx  dt 

00  00 

Thus  plv^l  <    |P.  (lnt.pt .)  I  .   Letting  h  ->  0,  v;e  get  the  Inequality 

PiVtl  1    !P^(x,t,Vj^)|  . 
Recalling  that  for  (}>  e  N,  \^^\    =  \^y.\,   we  get  the 
second  inequality  of  Theorem  2  and  Theorem  2  is  proved . 
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Proof  of  Tljeorem  1:   The  two  inequalities  of  Theorem  2  imply 

that  for  K  sufficiently  large,  Vj,  is  an  interior  point  of  N^. 

Then  -(j)  v;ill  be  an  admissible  variation  along  with  ^   and  our 

Euler  equation  becomes  an  equality: 

2ir  IT 

/  /  F(x,  t,  Vj,+w)(t)  dx  dt  =  0  for  all  admissible  variations  <J), 
0  0 
But  now  all  (})  e  N /O  H,  are  admissible.   Since  N/O  I",  is  dense 

in  N,  the  Euler  equation  is  true  for  all  ^   €  N. 

v,^  is  unique  in  N  O  Y-^    for  if  u„  is  another  solution. 

Is.  X  XV 

2Tr   TT 

0  =  j  J  (?(x,t,Vj^+w)  -  F(x,t,Uj^+w))(Vj^-Uj^)  dx  dt  >  PUj^-u^^l^ 
0  0 
using  the  mean  value  theorem.   Thus  v^,  =  u..  =  v  for  k  large 

enough  and     ^^  ^ 

F(x,  t,v+w)(i)  dx  dt  =  0   for  all  (()  €  N. 


0  0 
The  estimates  for  v  follow  from  Theorem  2. 

We  will  conclude  §2  by  obtaining  greater  regularity  for  v. 

First  we  must  get  a  pointwise  estimate  for  v , . 

Since  F(x,t,v+w)  J_::  r\   r^,  "It  ^  ^  ^t  ■*■  ^u^^t'*""t^  -L  ^^ 

for  if  ({)  e  N, 
27r  IT  27r  ir 

/"  r  (-|^  P)(f)  dx  dt  =   -   f  [  F  (j)^     .:x   dt  =   0    , 

0  0      '  0  0 

■^     mapping  H,  ,A  M  ->  V     with  F,  ''''■  N  dense  in  IK   Thus 

2tt  V 

/  j    (F.^+  F^(v^+  w^))(|>  =  0   for  all  (j)  e  N. 

0  0        + 
Take  ^  =   "^-('^t^  "  '^^^t^  ^  ^'* 
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2Tr  V 
0  0 


enr    TT 


2-7r  TT 

r 

J  . 

0   0 


=   -   [  f  {F^   +  P^w^)(q(vJ)    -   q(v"))    dx  dt   < 


2Tr  IT 


27r  TT 
<  sup   [  |P^(x,t,v+w)  i    +   lP^(x,t,v+w)w^|]    /    /(|q(vj')|+jq(v^)|)dx  dt 

0  0 


s,  c 


/"p^CvJ  -  v^)(q(v^)-q(v^))  dx  dt  > 
0  b 

27r    TT 

>  3    f  f  ^\-  v^)(q(v^)-q(v^))   dx  dt  > 

^6  b 
2'rr  TT 

PM  Jj^  (iq(v^)l    +   |q(v^)|)    dx  dt 


> 


as  before.  This  leads  to  the  estimate 

I  sup    !vj:|    <  sup[  If.  (x,t,v+w)i+!P   (x,t,v+w)w.  |]    . 
"  x,t       ^     ~  x,t       ^  ^  ^ 

Next   take   i  =    (v^)"^'- 

2Tr    TT  2Tr    TT 

y^j^  (P.^+  Pj_,{v^+  w^))^\^^  dx  dt  =  0  =    /^l^  [p';^v'J+P^(x,t+b,v(x,t+^)  + 
0  'o  "  0  0 

+  w(::,t+h))[(vJ)^+wl\-!:]+p[j(v^+w^)vJ]   dx  dt. 
Plvjl^  <  P    1^  f  [F^^v^  +  P^^(x,t+h,  .  ..)w^v^  +  P[^{v^+w^)v^']dx  dt 

o'o 

<  \fI  +P^(x,t+i,...)..J  +Pu^^+^)i!v;;i 

Letting  h  ->  0,  we  get  v,  .  €  Fq  and 

Continuing  In  this  fashion,  we  can  obtain  estimates  for 
higher  t  derivatives  of  v  both  In  Hq  and  pointwlse.   The  higher 
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order  x  derivatives  SLre  obtained  via  v,  ^  =  v„„.  We  will  not 
obtain  polntv;l3e  estimates  for  the  higher  order  derivatives 
since  vje  v;ill  not  use  tlem  in  the  later  sections.   However 
we  will  make  the  Fq  estimates  precise. 

TheoremJ;:   For  2<r<k,  !vij,<c  (|v|j,_3_  +  !wl^  +  1)  where 

^r-1     .X   ^ 
v   j_  =  ^  ^^_j^    .      c  =  c(r,||w|l^,||v^ilQ)  is  a  constant  depending 

t      c  t 
in  a  mono u one  manner  on  r,  I'vjIL,  llv^il  • 

The  proof  Is  given  in  the  Appendix. 

Corollary;   For  2<r<k.  lvlj,_<  c(|w|p+l)  where  c  =  c(r,i!wi|j_. 
||F(x,t,w):':,  :lF^(x,t,v+w)iU  i|F^(x,  t,  v+w)!l )  is  a  constant 
depending  in  a  monotone  manner  on  its  arguments. 

Proof:  By  Theorem  J,   we  can  estimate  Ivj^^  In  terms  of  \^n\^, 
'^'r-1'  ^"'^  c(^>l!w|l3_,ilv^i!)  .   |v!j,_3_  can  in  turn  be  estimated 
by  lower  order  derivative  of  v.   Thus  we  can  estimate  Ivj^, 
by  |wL>  i!'''!':n>  and  l!v.l|.  \Je   have  shown  earlier  ;  v^i'  can  be 
estimated  by  llF^{x,  t,  v4-w)l!  and  |jP^(x,  t,  v+w)w^;i  and  i'vl!  by 
i|P(x,t,w)".  Therefore  we  can  get  an  estimate  of  the  form 
stated  above. 


-  1= 


I 


§3-  Solution  of  a  linear  problem. 

Before  vje  can  solve  our  nonlinear  partial  differential 
equation,  we  must  solve  a  certain  related  linear  equation. 
We  need  the  following  result. 

Theorem  k:      Let  T{x,t)    e  V,    and  f  €  N  "^  .   Then  there  exists  a 
unique  w  e  h^+i  ^   ^i  '"^  ^''        such  that  w,  ,  -  w  ,^  =  f  and 

Proof:   IJe  sketch  the  proof  first.  Using  Fourier  series  we 

can  find  w  e  H, /O  N  "^  which  is  a  weak  solution  to  the  equation. 

Using  difference  quotients  in  the  t  direction  from  the  weak 

form  of  the  equation  we  get  more  t  differentiability  for  w. 

To  get  i7„„  €  H»  we  cannot  use  global  difference  quotients 

with  respect  to  x  because  of  the  boundary,  flowever  we  can 

use  local  difference  quotients  to  get  w   in  the  interior. 

Then  we  can  use  the  differential  equation  to  get  vj„^  globally. 

The  higher  ::   derivatives  can  be  obtained  from  the  partial 

differential  equation  via  a  bootstrap  operation. 

Let  (3=   -^ ^  .  We  note  that  {sin  jx   e^"^}  is 

dense  in  H^  and  in  H,  .   f  =  y~    ">    f   sin  jx  e   . 

^  j=l   n=-«>        J" 

Taking  jV  |  ii  | 

w  =  >         >         w.^  sin  jx  e  "   ,   we  find     w..^  =     o^     6      • 
pi  ri^       J^  J^'       .]•--  n^ 

oVln!  2 

jTITil    (r-n^)^  ^^       J" 

-2.2 
2  2  ^^ —        J      +  n        .         ,2 


(j      - 
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If  J  >  !nj,  r  +  n^  <  2/  while  (j^-  n")^  =  (j-n)2(j+n)^  >  j^. 

ThnsZZ.    /';%  o  if-n'^-^  2  2",  If,nl^-   Similarly  j  <  in| 

^  p     o  o     o  p  ,0 

implies  (J   -  n-)   >  '^  •   Consequently  we  get  |vjL  ^  const.  |f| 

and  w  €  Hj,/oN"^.  Also  (0<|5,vj)  =  (({),f)  for  all  h   €  C^. 

V. 

If  V7e  replace  f  by  f'  in  the  partial  differential  equation, 

j_      h 
the  corresponding  solution  in  11-,  r,    N   is  w  "  for  tl:e  above 

inequaliti)-  implies  uniqueness  of  the  solution  and  from 

{OV^',^f^)   =  -  (0(t),w'^)  =  (({)''\f)  =  -  i^r^'),   we  see  '/  Is 


a  solution.   Thus  IwL  <   const. |f^  |.   Letting  h  ->  0,  we  get 
w,  e  F,  0  I:   and  |w.  L  <   const,  if,  |.   Similarly  v]^\^   e  F. /^  N' 
and  Iw  ,  j,  <   const. If  ,  | . 

Nov;  v;e  must  obtain  more  x   differentiability  for  w. 
V/e  do  this  locally.   Pick  ^(x)  e  c""  with  supp  ^(::)  ^  (0,Tr) 

I  h 

and  supp  ^(:z+h)    ^  {0,ir).     Me   will  now  take  9'  to  denote  the 
difference  quotient  with  respect  to  x. 

Consider  (fJ(|),(^;)^)  =  (-O  <})"^,^w)  =  -(Car^\w) 


aC*!)""  =  KO^     -  2r<|>,7    -   ^^A      •     using  the  above  relation. 


Also 

(0(1), (^7)^)  =  -  (<t)^.(cw)";;)  +  (<i)t,(/:w)j^). 

Equating  the  tv;o  expressions  for  (l3  <j>/0'j)  ), 
Now  take  (|)  =  (Cw)  ". 

I(c^n;,i^  =  l(cw)!^l^  -1-  ((cw)^\(cf)^)  +  2((cw)L(^xW)^) 

+  ((Cv;)''^,(t^w)^1  . 
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This  implies  |(Cw)!,i~  "=  a j  ( ^'/j ) ^; I  +b  where  a,b  are  constants  >  0 

and  Independent  of  h.   Letting  h  ->  0,  it  follovjs  (^w)^^^^  e  >'o' 

Let  AC  (0,7r)  be  compact.   We  can  find  ^  €  c""  satisi'ying  the 

above  support  condition  on  ^   and  such  that  II,  ^  1  oil  A.      Thus 

^w  =  M   on  A  and  w  „  exists  and  is  in  H^  on  any  compact  A  C  (0,7r). 

Let  us  nov;  return  to  our  vjeak  form  of  the  equation.  [O  ^,v})=(^,f) 

A  =  supp  ^   is  compact.   Thus  by  our  above  results, 

(a(l),v.')  =  (K -?w)  =  ((i),s)  for  all  ^   e  Cq.   T1  us  pw  =  f  a.e. 

w   =  w,.  -  f  and  'w., |  +  If!  <  +  oo .  Fence  it  follows  w   €  FU 

and  w  e  ru* 

Now  v;orI<:lng  from  the  differential  equation  and  using  the 
known  t  differentiability  of  w,  it  follows  via  a  bootstrap 
operation  that  w  e  y-^^^   and  !w!^_j_-j_  <   Cj^|f|^. 
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§4.  Solution  of  the  nonlinear  partial  differential  equation. 

VJe  vjant  to  solve  u,  ,  -  u   +  eP(x,t,u)  =  0.  lie  will 
find  a  solution  of  the  form  u(x,t;£)  =  v(x,t;e)   -i-  z\}{x,t;e) 
vjhere  v  e  IT  and  w  e  N*^  .  Ue  employ  an  iteration  sc'reme  and 
shov7  converf^ence  for  e  sufficiently  small  by  a  contraction 
argument . 

Theorem  'I:   If  P(x,t^u)  e  C,  in  its  arguments  and  is  2ir 

periodic  in  t,    for  e  sufficiently  small,  the  partial  differential 

equation 

u.  .  -  u,,^  +  eP(x,t,u)  =  0 

has  a  solution  u  e  K.  such  tl^'at  u(x,t+2Tr)  =  u(x,t)  and 
u(0,t)  =  u(r, t)  =  0  provided  that  P^  >  P  >  0  . 

Froof-   Let  UQ(x,t)  =  u(;c,t;0).   For  e  =  0,  the  partial 

differential  equation  reduces  to  Du^  =  0.   Thus  Uq  is 

determined  from  the  bifurcation  equation  F(Xjt,u-^)  _[_  N, 

Uq  e  N.   Dy  Theorems  1  and  '^   we  can  solve  this  for  u.-^  e  F.  . 

Let  v;-,  €  N  ^^  be  the  solution  of  Qw^  =  -  FCx^t^u^). 

By  Theorem  'I,    we  can  find  vj,  €  F.  ,  .   Now  let  u,  =  v,  +  ew,  . 

VJe  determine   v,    €  N  such  tiat  F(x,t,v^)  _j_  N.      Since 

w,   e  K,  ,,;    we   can   find  v.   e  H,    /^  N,   again  by  Theorems  1  and  J. 

Assume   u     n    =  v     ,    -:-  -w     ,    has  been   found.      VJe   obtain 
n-1  n-l  n-l 

u„  =  v^  +  zv]     with  v„   e  11,    v;     e  N"^  by  solving     lDw  =   -F(x,t,u     ,) 
nnnnn  n  ii—x 

for  w  and  then  get  v  by  requiring  P(x,t,u^)  J_  il-   If  ^^-1^  ^k 

and  w  ,  €  IL  ,Tj  by  Theorems  1,  3  and  k,   we  find  v  e  PI,  and 
n~i    K+x  n    K 

^n  ^  \-'rl- 
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If  u  converges  sufficiently  strongly,  e.g.  in  Cp,  to 
u  =  V  +  £17;  vie   will  have 

Q  vj  =   -   P(X;  t,  V  +ew) 
or 

a  (v+ sw)  +£?(::,  t,v  +  ew)  =0 

Thus  it  will  satisfy  our  partial  differential  equation. 

It  remains  to  shov;  tre  convergence  of  u  .   Assume  for 

the  moment  that  {|u  Ll  is  bounded.  Let 

n  K. 

^"n  -  %+l  -  %'      '^^n  =  ^n+1   "  ^n  '      ^^  =   '^^n  +  ^S%• 
a  5w^  =   -    (P(x,t,u^)    -  F(x.t,u^_^))    . 

Thus,    by  Theorem  4-: 

l5%ll  1  c^lP{x,t,Uj^)  -P(x,t,u^_^)  !q 

where  \\Q\\    <  1    (by  the  mean  value  theorem) 

<   Co!|P^^(x,t,©u^+   (l-©)%-l!!    !°^n-l'o 

=   CoUP^,(:ct,9u^4-   (l-8)u^_-^);!{|ov^,3_l2+e^|5w^_^|^)' 

since  b\-     ^     I     6w„  ,  . 
n— J.  — '—       u—x. 

Now  ue  estimate  1 5v  ,1  in  terms  of  | 5w^  ,  i , 

n-1 '  n-1 

[P(x,t,u^)    -  P(x,t,u^_^)]  _J_  N. 

f  f  [F{x,t,u^)    -  P(x,t,u^_^)]5v^_^  dx  dt  =  0 
0  0        27r  TT 

^        I  P^j( intermediate  point)  (5v^_-j_+  ^^^^-l^^^n-l  ^^  ^^' 
0  0 
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Prom  this  v/e  get  the  estimate 

Pl5v^-ll  *  W^J^^t.   pt.)l!  e  Isw^^il 
and 

l5w„|,  <  c^      sup       If  (x,t,u)I  £  |ow.^  J- 

n 

•(1  +^  sup  |Pu(x,t,u)i2)^''2 

P  x,t;  |ui<supi|u^|| 

(The  boundedness  of  [ |u^| ^  implies  via  Sobolev's  Inequality 

that  (ilu  i;)  Is  bounded. 

Picking  s  so  small  that  c^e     sup       jp  (xjt,u)|' 

^     X   t;|uT<supiiu^;:j    ^ 

(1+^  ^^""^  IP   (x,t,u)i 2)1/2  <  1/2,    we  get 

P  x,t;  !u|j<  supiju^ll" 


iSw^ll   <|    ISw^.i 


0    • 


Thus  our  maoDlng  Is  contracting  and  w  ->  Wj  v  ->  v,  u  ->  u 

By  tie  ilirenberg  Inequality  [^]s   we  get  tie  interpolatlve 

estimate: 

1  J 
'5uJ..  <  C,(|5u  I    ^  |5u  JJ/^  +  laulj  . 


n '  j  -  j '  '   n '      '   n '  1^     '   n '  0 


It  then  Tollovjs  w  and  v  actually  converge  in  K,  Tor  all  J  <  k 

n      n  J 

because  of  tie  boundedness  of  (  |u  L  ]  .   (By  the  ]^.anach-Saks 

n   rC 

Theorem,  it  even  follovjs  v  e  F,  '\   H,  and  v;  e  ^-i^.i  ^   -^ )  • 

To  complete  the  proof,  v;e  must  show  tie   boundedness  of 
( I u  L  ) .  Me   will  make  use  of  the  composition  of  functions 
inequality  due  to  J.  Moser  [7]' 

|P(x,t,u(x,t))|j^  <  c(|u|^  +  1) 
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where  F  e  C,  In  Its  arguments,  u  e  F,  ,  and  c  =  c(k,!!ulL) 

where  c  depends  monotonically  on  Its  arguments . 

(Moser's  result  was  proved  for  functions  on  a  torus  and 

was  based  on  the  Mlrenbers  and  Holder  inequalities.   By  using 

the  version  of  the  Nirenberg  inequality  for  functions  in  a 

bounded  domain,  Moser's  proof  easily  generalizes  to  our  case.) 

We  i-jill  also  need  the  corollary  of  Theorem  Z- 

From  Theorem  1,  we  have  (since  Wq  =  0) 

llv^li  <  -^  i|P(x,t,0)!!  <f|   sup    iF(x,t,u)I  =B 
^  ~  ^  -   P  x,t,lui<l 

and  by  tl  e  corollary  to  Theorem  3, 

|vq!^^<  c  (k,0,!|F(x/c,0)!i,  ||P^(x,t,VQ)li,  !iP^^(x,t,VQ)|!) 

<  2c  (k,l,B,    sup    ip.(x,t,u)l,    sup     If  (x,t,u) 

~  X,  t ;  !  u  i  <2B  ^         X,  t ;  1  u  1  <2B  " 

s  K  ; 

iw^lj^+j^  <  c^|F(x,t,VQ)  Ij^  <  Cj^  c(k,!ivQ|j)(!vQ!j^  +1) 

<   Cj^  c  (k,a:;)(2K+l) 

=  M  . 

We  need  a  separate  estimate  for  IIvqII  (and  Hv^^'i)  since  we 
impose  no  growth  conditions  on  F.   Assume 

l^+l'k-M^  ^k'^^^^^^^.^^c^  ^k  c(k,|ivJ+E|iw^!!)(lvJ^4-e|wJj^  +1) 

<  Cj^  c(k,B+e|!vj^Ji)(K  +  £M+  1)  . 
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By  Sobolev's  inequality  !!v7^^i!  <  ajw^lg  jf  a  M. 

Thus  Nn+l'k-^-l  -  Cj^{k,2B)(2K+l)  =  M  for  sM  <  K,  and 

eaM  <   B . 

Prom  Tl'eorem  1  we  1  ave 

l!Vn+i;i  1  I  ;|F(x,t,r:Wj^)!!  <  B  provided  saM  <  1. 

l^n+i^c-^'^^^>^l''V'r'^(-^'^%^l'''l'^t(^^^^^+i-'-^%+i^''- 

Il^u<-^^^n+l^^^n+l^i!^^'%+l'lc-'-l^ 

<  2   c(k,l,i%        sup  |P^(x,t,u)!,        sup        |Fy(x,t,u)! 

x,t;!u!<2B      ^  x,tJu|j<2B 

=  K. 
Thus  our  proof  is  complete. 
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§5.  An  expansion  method. 

In  this  section  we  given  another  metlrod  of  proving  the 
existence  of  solutions  to  our  partial  differential  equation  . 
lie   assume  P  is  real  analytic  in  u  and  C*^  in  x  and  t. 
As  before,.  P  is  27r  periodic  in  t  and  F  _>  0  >  0.  l/e 

00 

trj'-  for  a  solution  of  the   form  u  =  >      u  e'^  I'lhere  u  =  v  +  v;   , 

n=0  "^         n   n   n 

v„  €  N,  v;  6  M  "^ .   We  will  show  in  this  section  hov/  to 
n       n 

construct  the  u  .   In  §  ^  v;he  convergence  of  the  series  will 
be  shown. 

The  main  difficulty  is  the  construction  of  Uq  which 
involves  the  solution  of  a  bi'urcation  equation.  VJe  could 
use  Theorem  1,  however  \ie   choose  to  give  an  independent  proof 
here.  The  method  used  is  analogous  to  the  proof  of  Theorem  1. 
There  vfe  used  a  calculus  of  variations  argument  approximating 
the  problem  by  a  compact  one  (Theorem  2) .  Fere  we  use  a 
Galerkin  argument  approximating  the  problem  by  a  finite 
dimensional  one.  Unfortunately  here  we  are  unable  to  get 
pointwise  estimates  for  the  approximate  problem..   To  get 
around  this  we  must  make  the  additional  assumption  F^.(x,t,u) 
is  bounded  for  all  x,t,u.   This  is  true  in  particular  if 
P(x,t,u)  =  G(u)  +  f(x,t) . 

Our  partial  differential  equation  is  u. ,-  u_.  +  eP(x,t,u)=0. 
As  in  §2,  the  bifurcation  condition  is  P(x,t,u)  _]_  II.  Letting 
e  ->  0,  we  get  P(x,t,UQ)  J_  N.   Setting  the  coefficient  of  e 
equal  to  0  in  the  partial  differential  equation,  we  get 
QWq  =  0  or  v/q  =  0.   Thus  u^  =  Vq  e  W  and  FCx/g^v^)  _[_  N. 

-  2'-:-    - 


We  use  a  Galerkin  arcument  to  solve  tl-ls  equation. 
We  recall  that 


00 


N  ={  ^  a,  sin  kx  e^^^'^ 

••00 


p 

>_  a,  <  +  oo  3 


Let 


Nn  =  f  2i:  a,,  sin  kx  e^^'^)  . 


Lemma  1;  Under  our  above  conditions  on  P,  there  e::ists  a 
unique  i  e  K  such  that  P{x,t,(f)  )  _[_  N  ,  i.e. 

27r    TT 

/    /■   P(x,t,(})    )i})  dx  dt  =  0      for  all   ^  e  N^^    . 
0  0 

Proof:      Let  H  be  such  that  U     =  P.      Consider  the  problem 

2Tr  IT 
Minimize      /   /  Y(x,t,^)    dx  dt    . 

^  ^  ^'^n  'b  'b 

P  2:  P  ^  C*  implies  H  is  a  convex  function  of  u.   Therefore 

since  our  space  is  finite  dimensional ^  there  exists  a 

minimizing  function  (|)  .   Thie  Suler  equation  for  tlds  problem  is 

2ir  IT 

/  /  P(x,t,(t)  )(i)  dx  dt  =  0  for  all  ^   e  II  . 

0  0 

The  unioueness  of  i  is  easily  shown. 

^n 

Remark:  Me   can  give  anoth.er  "Minty-ti/pe"  proof  of  the  lemma  [8], 

Let  P     be  the  projector  on  M    .     VJe  seek  (j)     e  F     such  that 
n  t-      o  Y\  ^n  n 

PP(x,t J ({).,)  =0.  N  is  a  closed  linear  subspace  of  V:^ 

n      ii        n  '-' 

and  P^  ■'  F  is  a  continuous  function  on  N  .  Moreover  it  is 

n  n 

strongly  monotonic  for  if  ^,->p   €  N  ,  (P^P(x,  t,(i))-r'^^P(x,  t,i/')  ,(i)-^)  = 

(P(x,t,(|))-F(x,t,'^),<i>-V^)  =  /   /  P,(int.  pt.)((j)-V/)"  dx  dt  > 

^'0  ^0  ^  - 


p 

>;  p  |(t)-'!/y|  .   Therefore  hy   the  finite  dimensional  version  of 
Minty's  Theorem,  there  exists  a  unique  h     e  N,^  such  that 
P^F(x,t,(j)^^)  =  0. 

We  will  next  show  tl  at  the  solutions  to  the  finite 
problem  converge  to  a  solution  to  the  bifurcation  equation. 
We  need  a  priori  estimates  for  this. 

Theorem  ''•:      If  P,  (x,t,u)  is  bounded,  under  our  above  conditions 


on 


P,  there  exists  a  unique  v„  e  N  n  F^  such  that  F(xjt,VQ)  _[_  N, 


Proof:   The  Euler  equation  for  i  of  Lemma  1  is 


'n 
2rr  TT 


j    f  F{x,t,^^)^  dx  dt  =  0      for  all   h  e  H^. 

6  6 
Note  that  differentiation  with  respect  to  t  maps  il.^^  into  itself. 

Taking  (j)  =  i  ..,  and  intecrating  by  parts: 

2'IT    TT 

0  0 
27r  V 

=  -//^t^^-^^'^n^^nt  ^^  ^^ 
0  0 

<    |F^(x,t,<{>^^)!  |(j>^J  . 

Thus  ^\^   ^i  <  const,  (independent  of  n).   This  toplies 

{(j)  (x,t))  is  uniformly  bounded  and  equicontinuous  as  in  §2. 

By  Argela's  theorem,  tl  ere  exists  a  subsequence  <}).^_  ->  Vq 

uniformly.  Vq  is  continuous  and  Vq  €  II  .'^   PIj_.  Also 

P(x,t,(().  )  ->  P(x,t,VQ)  uniformly.   This  implies  P(x,t,VQ)  J_  N, 

for  let  5  e  N  . 

m 

-   2<  - 


2ir  IT 

r 
J  ■ 

0  0 


I    IF{x,t,^      )^  ±:   dt  =  0   for  all  n.  >  m  . 


Thus  lettin-  n.  ->  oo  ,   /  /  F(x,t,VQ)<}>  dx  dt  =  0  for  all  h   €  N^^ 

0  o' 
and  hence  for  all  <})  e  N.   The  uniqueness  of  Vq  follows 

from  the  monotonlcity  of  P. 

Remark;   Tl  e  uniqueness  of  Vq  implies  that  the  entire  sequence 
(j)  converges  uniformly  to  Vq  . 

Theorem  7;   v^  e  C°°. 

Proof:   The  solutions  ^.     to  the  finite  problem  are  all  in  c"*. 
V/e  will  show  their  derivatives  converge  to  the  derivatives  of 
Vq.   Taking  h  =   h   tttt  ^''  °^'^'^   Euler  equation, 
2ir  IT 

r  r 

F{x,t,h)^^....    dx  dt  =  0 


n  ^ntttt 
0  0 
27r  IT 

-JI  ^^Xtt^   ^uu^nti-tt-^  2P^t^nt^ntt+  ^tt^ntt^  ^^  ^^  ' 


■J   u 
0  0 


Using  the  monotonlcity  of  F: 

el^tl'^  l4ll*nttll!P„,(x,t,*„)llH-2!*^^JI*„,,lllF^^(x,t,*„)! 


O 


+  F  !^ntlH^"ut^-'^>^n)11^5!^ntt!^+ 

+  1  (const.  \\^^:i,(^>t,^^)\\^ 
-      27   - 


2        12 
where  we  used   the   Inequality  ab  j<  ca     + -j  ^      ^o^  a^.bjC  >  0. 

Since  the  i\Anctions  <|>     are  bounded  pointwise  independently  of 

n,   we  can  v;rite 

where  c, jCp,c^  are  positive  constants  independent  of  n. 

The  boundedness  of  [l^j^v.^-!)  implies  the  functions  ^^   are 
uniformly  Folder  continuous  of  order  1/2,  i.e. 


liUil'2  =  ,   ,.^.^?__   .  .  .,"__  .2..!  ..2:1/^^ 


is  bounded  by  a  constant  independent  of  n,  say  li<}>j^!l]_/2  Jf  ^' 
In  the  Appendix  it  is  d-iovm  if  ^{x,t)    e  C^  and  27r  periodic 

in  t,  \^l\^-   <   a5^/2ii({)il^/2''^tt'^  +  b(  5)|iil!l/2.  "here  a  is 
a  constant  and  b(5)  a  function  of  0  and  5  can  be  made 
arbitrarily  small. 
Thus 

and 


nt '     3 


I  IW^-:^  ^1^5^^ 2.! a)^^,,! 2+  c,bK  +  c^lcb^ 

Taking  e.g.  j'^^^   =  p/8c^aK,   we  get 

^   \^   ^+.i^  <   const,  (independent  of  n)  . 

Since  (t),,^^  =  k^^,    it  follows  v^  €  C^  A  Fg. 

To  obtain  more  differentiability  for  Vq  we  multiply 
P(x,t,(})  )  by  higher  t  derivatives  of  ^^   and  use  our  Euler 
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equation  as  above.   The  most  difficult  estimate  v;as  the 

one  we  just  made.   (To  make  this  precise  we  can  use  Theorem  3 

with  V  =  (j).^  and  w  =  0 . ) 

Theorem  G;   Under  our  above  conditions  on  P,  there  e::ists 

CO 

a  unioue  formal  solution  u  =  y       \x,^{:<.,t)£      to 

^  n       — 

u, .-  u  ,  +  £  F(x,t,u)  =  0  satisfying  our  periodicity  and 
boundary  conditions .  Moreover  u  =  v  +  w  ,  v  e  II  /I  C  , 
w   €  N  y^  C    . 

Proof:   Th.e  uniqueness  of  u  follovjs  since  our  procedure  is 
unique.  V/e  have  already  shov;n  how  to  construct  Uq  =  Vq  e  C  o  N 
and  v/q  =  0. 

Expanding  the  terms  of  our  partial  differential  equation 
as  a  power  series  in  e  and  equating  the  coefficient  of  e  to  0, 
we  get 


to* 


Qu^  =  Qv;^  =  -  P(x,t,UQ)  . 

By  Theorem  •:•,  since  FCx/GjU^)  e  N"^a  C°° ,    we  can  find  a  unique 

vj,  e  IJ'^.'^c"  satisfying  this  equation.  Next  equating  the 

2 

coefficient  of  e   to  0, 

°  "2  "  "  ^u^^^'^^^^'o^^l  "  "  Pu(x^t,UQ)(w-j_ +v^)   . 

Ue  require  that  the  right  hand  side  be  orthogonal  to  N. 
This  gives  us  a  bifurcation  equation  for  v  .  Since  P^  >  P  >  0, 
this  can  be  solved  for  v  e  N  by  either  argument  of  Lemma  1 
or  even  more  simply  by  the  Lax-Mi Igr am  lemma.   The  regularity 
of  v,  would  follow  as  in  Theorem  7- 
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Assuming  that  u  ,  is  laiown,  we  determine  vj  by  inverting 

Ov;  =  -  Imovm  function  in  c"''^  rl 

and  find  v  by  requiring  the  orthogonality  condition  needed 
for  the  next  step  be  satisfied,  i.e. 

(Imown  C~  function)  +  P  (x,t,UQ)  (v  +  v;.  )  _J_  IT  . 

Therefore  uo  have  a  formal  solution  to  our  partial  differential 
equation. 

Remark:   If  we  had  only  assumed  P  to  be  C,  in  x  and  t, 

we  could  have  obtained  a  formal  solution  v/ith  u  e  H, 

n    K 

by  the  same  methods . 
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§^.   Convergence  of  the  formal  series. 

V7e  vjill  use  a  majorant  method  to  shovj  t'at  the  formal 
series  we  have  constructed  for  u  ,  -  u   -f  eP(:c/i;^u)  =  0 
converges  Tor  e  sufficiently  small.  The  assuinption  ?,  is 
not  needed  here.   A  function  C(£)  =  A(e)  +B(e)  i7ill  be 
obtained  majorizing  u(x,t;c)  =  v(x,t,e)  +  v;(x,t;£)  vjlere 
A  majorizes  v  and  B  majorizes  w.   By  C  majorizes  u  or 

C  )^  u,  vje  mean  if  u  =  21  >-^n^  '  =  v  +  w  =  21  (^n"*"  ^'n'^"^  ^"^ 

C  =  ^  C,  e^"",    then    |v    L+   \\'j    L   <  C    .      Since  by  Sobolev's 

^ —  n'      'nl'n2—  n 

inequality  v.'e  have  IW  JL  _^  ^^  '  "^n' l"*"' %' 2^ '  ^  ^^   majorized 
in  the  usual  sense  by  aC  (u  ■<aC). 

We  will  obtain  a  majorant  problem  not  directly  from 
the  partial  differential  equation,  but  from  the  a  priori 
estimates  \ie   obtain  from  it  for  v  and  w. 

Du  =  «3i.!  =  -  £P{x,t,u)  . 

CO 

Letting  F(x,  tiu(x,  t;e ) )  =  2Z  ^r^^"'  ^""^  equatln,'?  coefficients 

( 

of  like  pouers  of  e,  we  get 


-0  ■" 


^'\,   =  -  ^n-1  • 
From  Theorem  4,  we  have 

I  !!w„llo  <    I'-nia^  °ll^r.-l!l^  <'l'!fn-ll-^|f(„-l)x!-^!'-{n-l)tl' 
Let 

00  00 

P(x,t,u)   =     ^  F  (:-,t)(u-u   )"^  =  :r  F   (  y~  u   r-)^ 
E^     "^  ^  m      '^     J=l     J 

Ji+-  •  •+j 


=  S—  F    (  y"  u,    ...u..      e^    "*"      "") 
^IT     "^  jijl     Jl  Jm 

=  ZZ    (  ZZ  ^m^i     •-•'^i     ^s" 

m=0        j,+.  .•+j  =n  '^l  ^m 

m<n 
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Thus 

m_<n 
If  F(x,t,u)  ^^(u)  =21  Fin^""^0^^  (where  vie   consider  P 
and  P  as  Tunctlons  of  u-u„  and  majorization  refers  to  the 
expansion  about  (u-Up,),  i.e.  |P(x,t)|<P,F  a  constant, 
and  if  u  ^  C,  u  <,  aC,  then 

m<n-l 


<  !     ^       F„  aC.  .  .  .aC,  L 
m<n-l 


=  c     2^  P  aC   ...aC 

=  Cg  •  coefficient  of  e"'  in  expansion  of  P(aC) . 


(If  n  =  0,  v/q  =  0,  so  we  can  ignore  this  case.) 
c'  o  -,-o  _n 


^1^  1  ^„  =  ^r::   coef .  of  s'  in  expansion  of  P 
(n-l)x   ox  ^ 


_  II  II         II  II  II  p        J.   TP       1, 

X  u     "X 

P„(x,t,u)-  2Z   I^rn-(^''t^^^^-^^0^'^   =  IZ    (         ZI  ^r.^^'1     •  •  •  ^ -,•     )e" 

^         m   "^        "      m   Ji+---+JiT^-"    '^1    ^m 
Thus  as  ahove,  assuming  P  >•  P   (where  we  again  consider  P 
and  P  expanded  about  u-u^ ) , 

I  coef.  of  s""-^  of  P^Iq  <   Cp  coef.  of  e^'"^   of  P(aG)  . 


■2  - 


"        -^     m=l    ^'^    °       p=0  P 

00 

=  x    {     >        mF  u.  ...u.   u  )z^ 
m=0  p+J^...+j^_^=n    ^     h         -^m-l  P^ 

Icoef.  Ox"  e^^"-"-  of  F,u^L  =  |      y"       m  ?  u.  .  .  .u  .   u   L 


^IZ  m  P^  aC   ...aC-   C 

=  coei".  of  e^''^   of  P^(aC)C  . 

Treating  the  f/„_-i\4-  term  in  a  similar  fashion  and  collecting 
our  results J  we  get: 

w  .<,  c^E  [^Cp  F{aC)  +  2Fj^(aC)G]  . 

\Je   use  the  bifurcation  equation  to  get  a  majorizing 
estimate  for  v.   This  is  a  bit  tricky.   First  from  F{x,t,u)  J_  M, 
we  get  an  estimate  for  Iv.^L  in  terms  of  previously  estimated 
quantities.   Then  from  P,.(x,t,u)  +  P,  fx,t,u)u.  !  r,  vje  obtain 
an  estiroate  for  iv  .  L  in  terms  of  the  estimate  for  !v  Iq  and 
previously  estimated  quantities.  V/e  need  two  steps  here 
because  vie   imposed  no  groijth  conditions  on  F.  The  analog 
of  this  in  5'i-  was  the  need  to  first  estimate  liv^^jl^  and  then 
|v  L  in  the  convergence  proof  there. 

Tlie  bifurcation  equation  is  F(x,t,u)  J_  N  (formally). 

F(x,t,u)  -  [F(x,t,u)-P(x,t,UQ)-F^^(x,t,UQ)  (v-VQ}]-I-P(x,t,UQ)  + 
+  P^(x,t,UQ)(v-v^). 


(Recall   tl.at  Vq  =  '^n*^      Thus   if  ^  6  N, 


2ir  IT 

0  6 

2ir  IT 


2Tr    TT 

f  r  [.F(x,t,u)-P(x,t,u^)-P„(-:,t,u^)(v-v^)](})  dxdt 
b  0 


using   that  P(x,t,UQ)  J_  M   . 

Equating  coefficients  of  like  powers  of  s,  and  taking 
<}>  =  v„,  vje  set  (for  n  >  0) 


n^ 


PIv^Iq  <    Icoef.  of  e"  of  F(x,  t,u)-F(x,  t,UQ)-P^^(x,  t,UQ)  (v-v^)  |q 


_  I 


d 


>        P   u.  .  .  .u  .  -  P,  V^p, 


<  1  Zl^ra^-3_---X"  ^I'^^'o  -'■-"^l"!%'0 

Let  G(x,t,u-UQ)  =  F(x,t,u)  -  P(x,t,UQ)  -  P^^(x, t.u^)  (u-Uq)  . 
Thus  the  expansion  of  G  as  a  function  of  (u-u.^)  begins  with 
quadratic  terms.  Let  G(u-Uq)  >■  G,  i.e.  majorize  as  a  function 

^  CO    _ 

of  u-Up.   G(u-Up^)  =  >   G  (u-Up^)  . 
^       ^    n^  ^^ 


Thus 


Plvjo^  i  i^c:^aC^^^....OjJo  H-F^E^ 


or 


Plv^'o  -  °2  *  ^°®^'  °^"  -"  °^   G(a(C-CQ))  +  F^  coef.  of  s"  of  B. 

Differentiating  the  bifurcation  equation  v;ith  respect  to  t 
we  get  P^(x,t,u)  +  F^(x/c,u)u^  _[_  N  (formally). 


■t;;.! 


+   (F^{x,t,u)-  P^^(::,t,UQ))(v^-  v^^)    +  ]7^(;t/c.  u^) 
+  (P,  (x,t,u)-  P    (x,t,u^))    +  P,  {x,t,u)v;,.    . 


Since  P^(x,  t,UQ)vQ^   +  F^(x,t,UQ)  J_  N,    vje   find   for  ^   e  N, 

2ir  IT 

J    I  P|^(x,t,UQ)(v^-  Vq^)(|)  dx  dt  = 
0  0 

=  -  y  J    L(P^^(x,t,u)-P^(x,t,Uj3))(v^-VQ^)+P^(x,t,u)-P^(x,t,UQ)  + 
0  0 

+  F^^{::,t,u)v7^](j)  dx  dt    . 

Equating  coefficients  of  like  powers  of  n   and  taking 

(b  =  V  .  ^  lie  '.et   (for  n  >  0) 
^    nc^    ^ 

piv  ,J  <  Icoef.  of  E^   of  right  hand  sideL. 
V/e  v;ill  majorize  the  terms  on  the  right  hand  side  separately. 

CO 

=  !?   (     >         m  P,„u  .  .  .  .  u  .   v„,  )£^" 
fei  p+j^4eT+J^_^=n    ^^  ^1    ^'m-lP^ 

<  Z  -  !!Pm!!o  -Cj^-  •  -^^J^,,^  V  ^p^  ^  ^  -  ^m  ^^J,-  •  '^'3j^^^V 
=   coef.  of  s"  of  G^^(a(G-CQ))(C-CQ)  . 


P+Jl+...+Vl=n 


"T    « 


^  Jl+...+J^ 


Pt(x,t,u)    -  P^(x,t,UQ)   =ZI  ^mt"j    •••^j 


m=l  "i  ''m 


y^ [  >  P         JL         U     .  .     .     .   U     .  -t- 

n-1     Ji+---+Jjji="  "^^     ^1  "^m 


It:  n  It  n^ 


2  P    ,    u  ,      . . .   u  .      +  Ft  ,  (v  +w    ) 


j^^       nt^^n'   n"0 


<     cg  Z:  G^  aC        ...   aC        +  P^  B^  -i-  F^^lvJ^   , 


wh 


ere  vje  assumed  F^  P.    and  G  >■  P.  {x,  t,u)-P.  (:c,  t,nQ)-F   (x,  t,UQ)  • 


(u-Uq) . 


Usinc  our  above  estimate  for  v  ,  we  get 


Icoef.  or  z'^   of  F.(x,t,u)  -  P^(x,t,UQ)lQ 


<  coef.  of  e"  of  |cp  G(a(G-CQ))  +  F^B  ^ -^   0^.5(3(0-0^))  + 
In  a  similar  fashion,  we  find 


Icoef.  of  -"  of  F  (x,t,u)w,  L  <  coef.  of  s^^  of  P,  (aG)B  . 

Combining  these  results ;,  we  have 

P, 
P(v-Vq)  4-CT^^(a(C-GQ))(C-C^^)  +  [P^(l  +pi)  +F^^(aG)]3 

p   — 
Cgd  +  pi)  G(a{C-CQ))  . 

Now  we  construct  our  majorant  equations.  VJe  can  assume 

-  3^  - 


Cq  is  Iviiovrn  and  Cq  >   l!"o''   ^^^  ^1  -  HJ^u^^'^'^O^'' *     ^^^ 
D  =  a{C-CQ)   =  a(A-AQ+  B^)    (with  Aq  =  Cq). 

Suppose  H(D)  >   5c2p(D+aGQ)+  DP^(D+aCQ)(|  +  C,^)    +  1 

and  Q(D)  >-  G„(D)  -^  +^   (1  +  Zl)   G(D)  .      Then  v;e  -et 
u  [J  a        p  j3^ 

v;  ^s  H(D) 

V  -Vq  ^Q(D)    +  gH(D)B    . 

We  take  B  =  eH(D) .  Thus  xve  can  substitute  for  B  from 
the  first  equation  and  add: 

u  -Uq  <  Q(D)  +  £  H(D)  +  C£  H(D)-  . 

Let 

U=^jc  sup     [!?{x,t,u)MpMP  |]  + 

^  x,t,lu-UQ|<2  ^    ^ 

+2     sup    If  (x,t,u)  ^j  +  1  . 
x,t,|u-UQi<2  "^  ^ 

Then  we  can  take  H(D)  =  1 1/(1-  1/2D  )  . 

Let 

Cp      Ft           lP(x,t,u)-P(x,t,u.)-F  fx,t,u^)(u-u^)| 
M  =  ^   {1  +-J:)  sup   2 i^ 0 0_ 

^  P   x,t, 1u-Uq|<1  Iu-UqI- 


,  JP  (x,t,u)  -P  (x,t,Up) 

+  4     .sup 


^^  x,tJu-UQ!<l        lu-u^l 
We  can  take  '^.(D)  =  MD^/(1-D)  .  Thus  we  get 

^"^o  ^  T-f)   "*■  ^  ^  T —  "^ 1 p  ^  • 


;7  - 


Ue  take  as  our  majorant  equation 


T^    -1+yi-^'g  (M-1 )  ( cM^-H4 
2(11+1) 

Is  an  analytic  function  o;?  s  for  Ui  <  l/(4(i+l)  (cII^+M) )  and 
D  r=  0  for  e  =  0. 

If  v;e  expand  D  In  the  majorant  equation  as  a  power 
series  in  s,  we  can  recursively  calculate  the  coefficients 
from  Aq  and  B„  =  0  due  to  the  v;ay  in  which  vje  set  up  thie 
equatioi:i.  l^or  the  saiTie  reason,  the  coefficients  of  D  will 
be  larger  than  the  coefficients  of  u.  Since  X7e  can  solve 
the  equations  by  another  method  and  get  an  analytic  solution 
for  £  small,  it  follov;s  our  formal  series  for  C  and  hence 
for  u  converr.es. 


Appendix 

Ue  will  give  here  tl:e  proof  of  Theorem  3;  and  the 
Inequality  of  §5.  The  first  proof  follows  from  the 
Nirenbers  inequality  [6]  and  is  based  on  an  analogous 
proof  of  the  composition  of  i\mctions  inequality  for 
periodic  functions  due  to  J.  Moser  [?] • 

I,  Proof  of  Tlieorem  3» 

Let  us  first  note  that  we  have  not  shown  the  existence 
of  derivatives  of  v  of  order  higher  than  second,  r^ut  this 
follows  readily  by  the  use  of  difference  quotients  as  was 
done  with  v._^. 

We  assume  then  that  v  e  H  and  v  is  the  component  in  N 

of  a  solution  of  our  "generalized" bifurcation  equation. 

We  will  show 

/v. 


vi^  <  c(r,ilwl!^,!lv^ii)(lv|^_;L  +  !w|^  +  1) 


i 


tb 
All  r   order  derivatives  of  v  are  equal  in  norrii  since 

V.4.  =  V  ^.   Thus  it  suffices  to  show 

Iv^^!  <  c(r,llwl!^,ilvj!)(iv!^_3_  +  |wl^  +1)  . 
t 

^r 
P(x,t,v-H;)  I  N  and  v  +  w  e  II    n   C  implies  — -  P(::,t, v-t-w)  J_  N. 

^  St 

r/^P^(x,t,V+w)v^^  =  -  I  j    [(-—;  P(x,t,V+w)-T?^^(x,t,V+w)(v^^+W^^J 

0  0  ^     00    ^^ 

+  P,(x,t,v  +  w)w  „1  dx  dt  . 

U  j^C 

Since  P„  >  P  >  0,  by  SchwarZ '   inequality, 
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+  |F^{x,t,v+v;)v7   i 

<    \~   F(x,t,v  +  v;)  -  P  (x,t,v+w)(v  ^  +  w  „) ',  +  c|w  „| 

where  c  depends  on  |!v+W|i. 

Thus  It  suffices  to  shov; 

|~^  P(:c,t,u)  -  P^(x,t,u)u^^!  <  o{r,\M^,\\v^\)VM^_^+U\^_^   +  1) 

where  we  v/rite  u  =  v+w.  Tlrils  Inequality  is  true  in  general, 
i.e.  it  is  not  just  truie  for  solutions  v  of  the  bifurcation 
equation. 

I.'e  estimate  the  left  hand  side  of  the  inequality  h^ 
usins  a  symbolic  expression  for  the  chain  rule  and  the 
Holder  and  Nirenberg  inequalities.  Let  D  =  c)/'c;t. 

D^P(x,t,u)  -  F^  u   =  ^'  _^!!!p(x,t,u)rZ:  c^^(Du)"l  ... 

P+<^  Jf^  ^'t'  ou  a    • 

(D^-^u)^'^-^ 

where  the  '  indicates  the  F,  u  ^  term  is  not  present. 

u  ^r 

a  =  (a-j^*  •  • '^ci  -,  )  is  a  multiindex,  21  cij^  =  9^  !EI  ^  ^-r.  -^  ="  ^t 

and  the  c_   are  non-nerative  constants. 

V/e  can  take  as  a  typical  term  to  estimate: 

r-1   .  a. 

t^^u^^  i=l 

i  r-i 

Let  u^  =  F  ^    and  u.  =  D  u.  1  <  i  <  r-1 .   Take  p.  =  , 

f  uP       r-1  ^i-^)  '^l 


XrJ.  1     1 
i  >  1.   ^-   -i-  =  _i 


r-a-o 


r-1  ,   ^""-^  ^       ^"-^ 

>   —  =  1  to  use  the  Holder  inequality.  We  can  achieve  this 

"I^  ^^i 
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If  a  +  0  >  2  by  taking  p,^  =  r^r^   •   If  p  =  0,  cj  =  r 
and  we  just  have  |P  ^,1  <  B  assuming  JJUqH  <  B.  If  o  =  1, 
we  get  terms  of  the  form 

Thus  vje  can  assume  p  ^  2  and  hence  cr  +  p  ^  2  and  talce 

r^  -   r'-2 
Pq  ~  a-K)-2* 

Thus  by  the  Holder  inequality  vje  get: 

TT  u,    ^  dx  dt   <  TT    (    /    /   u,    ^  ^  dx  dt)^'  Pi    . 
0  0  -^  -^  0  0 

By  the  Nirenberg  inequality 

27r  TT  p/r-2,  i-1  1-  ~^J       -^ 

{  J  J    (D^  u)      ^-1     dx  dt)-^^-2)    <   const.  (IIu^Hq  1u|^_^  +^tlo^- 

d'o 

Since    lu^i^   <  2Tr^|lu^!i^and    iu^j^   <    !u|^_^, 

2iT  IT  p  r-2  5.-1  ,      Ij^l  i^l 

0   0 

Substituting  into  our  above  product: 

■    ''i 

r-1  r^  .    , 

'i   .    .     irrr       r-2 


P  r-1     ax  j^ 


I     I    Uj        dx  dt   < 


d'cT    i-°         r-1  r::!  ..  ^"1   H    i>  g. 


<b2c    ^        lluJ!     ^-1  ^"^     ^  iu!     ^^^ 


t"  '""'r-l 

r-1 


^2  2r,„      iT^  r-2    '  <    i  "^   r-2    ^ 

<  B-c  "•(   u^  ^  iu' 


<3-c^^    (y\n^^  +  l)(lui2_^   +  1) 
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Finally  combining  terms  we  get 
|D^P(x,t,u)  -  P^(x,t,u)u  ^\    <o    (r,llu^l|)(Iu|^,_3_  +  1) 
from  x-jhich  our  inequality  follov.'s. 


Remark;  By  using  a  slrrtilar  but  more  complicated  ar^^uraent  v;e 
can  get  the  slightly  better  final  estimate 

plv^j,!  <  c{r,|ix7ll^.,llv.J!)  (!v|^_^  +  |v;|^  +  1) 
i.e.  0   depends  only  on  IJwlL  rather  than  on  llvjjL  . 

II.  Proof  or  the  inequality  of  §5. 

Let  v(::,t)  e  Cp  in  its  variables,  0  _^  x  _<  tt  and  2Tr 
periodic  in  t.  We  v;ill  denote  the  Holder  norm  of  order  1/2 
of  V  by  llvll^/g. 

!v(x,t)-v(x^,t^)  I 
•^''^   (x,t)^(x^,t-^)   ((x-x^)2+(t-t^)2)l/  • 

Let  {■n^(t))  be  a  finite  partition  of  unity  of  [0,2Tr]   by 

continuous  piecewise  differentiable  functions.  Moreover 

let  (rjf(t)3  be  2v   periodic  in  t.  Let  the  norm  of  the 

partition  be  _<  5.  It  is  clear  that  for  any  5,  we  can  find 

such  a  partition,  even  a  c  partition. 

We  vjill  obtain  an  inequality  for  v  of  the  form 
27r  TT  27r  TT 

J  I  vj   dx  dt   <   Ci5"^'''^llv|ii/2  //v^t  d^  dt   +  C2(5)iivll^/2 
0   0  0  0 

v;here  Cp(o)    is   inversely  proportional  to  6. 
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Consider    /         T]^(t)   v^  dt.      Integrating  by  parts 
and  usine  the  periodicity  of  r\.   and  v., 

2v  2Tr 

fr]l  vl  dt  =  -  -/^i(^)    [v(x,t)-v(x,T^)]v^  v.^^  dt 

0 

-  2    /  v,^  ■o.j_^[v(x,t)-v(x,T^)]v^  dt 


0  0 

2Tr 


J 
0 


2 
where  t.   e  supp  t^.. 

Thus 
27r  2Tr 


/^i  v^;  dt   <  2lIvlli/2  S^''^/(hiV?Vtt!+l^i''it^?i^    ^* 


0 

-IT 


<  3l!vll,/2  5^/2    fi^.l^^.l,)    dt 

°27r,  x4  it 

.  ,,.  M         .1/2   rriliiliti_    ^  .V5  ^t  T    ,. 


0  ^^ 

where  we  used  the  Holder  inequality  and  e>  0  is  at  our  disposal. 
Suncnins  over  i, 

2ir  2r 


0  0  2Tr 


0 
,,    ,,  1/2      j,/^     Oh 

+  5!!v!L  /o5        s  •/-  /  v^  dt  X  1  • 

0  ^ 

V/e  can  assume  >     1  <  25      .     Taking  e  =  s^o-''       , 
-J-       - 
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0  '  0 

^0  2Tr 

(i-5i!vl!^;2  ^^''^-  ^li^!^i/2  °^'^^  4^^^^^  /^t  ^^ 

0 

Sir 

0 

, p  27r  2i  n  /o  ■ 

where  Cq(o)   =£3  ^/        (T":i''^:it^      ^^  5'-^^^. 


1   -'0 
Takins  sy-^  =  1/2  or  e^  =   (1/2)^/^, 

27r  2t 

0  0 


^■'2    '^  vL   dt 


Taking    5  so  small  that  l-'S\\v\\^,^b'^^'^  >  1/2, 
2-ir  27r 

/v^  dt  <  5i|vll^/2  ^^^'^  .1   ^tt   '^^  ■*•  ScQ(5)ilviI^^/2    • 
0  0 

Integrating  the  inequality  over  x,  0  <  x  <  tt,  we  finally  get 

2ir  TT  2v 

ff'^l   ^'^   dfc  <  Cl5^/^ilvil^/2  f^l^   dt  +  C2(5)!lv!!^/2  . 
0  0  '   0 
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